Abstract: A single-valued neutrosophic set is an instance of a neutrosophic set, which provides us an additional possibility to represent uncertainty, imprecise, incomplete and inconsistent information existing in real situations. In this research study, we present concepts of energy, Laplacian energy and signless Laplacian energy in single-valued neutrosophic graphs (SVNGs), describe some of their properties and develop relationship among them. We also consider practical examples to illustrate the applicability of the our proposed concepts.
Introduction
Smarandache [1] originally introduced the notion of neutrosophic set (NS) from philosophical point of view. Wang et al. [2] put forth the notion of a single-valued neutrosophic set (SVNS) from a scientific or engineering point of view, as a subclass of the NS and an extension of intuitionistic fuzzy set (IFS) [3] , and provide its various properties. The prominent characteristic of SVNS is that a truth-membership, an indeterminacy-membership and a falsity-membership degree, in [0, 1] are independently assigned to each element in the set. IFSs cannot deal with all types of uncertainty, such as indeterminate and inconsistent information, existing commonly in real situations. For instance, if during a voting process there are sixteen voters, seven vote 'aye', six vote 'blackball' and three are undecided. According to single-valued neutrosophic notation, it can be represented as u 0.7, 0.3, 0.6 . This information is beyond the scope of IFS. That is why, the concept of SVNS is more extensive than IFS. NS, particularly SVNS has attracted significant interest from researchers in recent years. It has been widely applied in various fields, including information fusion in which data are combined from different sensors [4] , control theory [5] , image processing [6] , medical diagnosis [7] , decision making [8] , and graph theory [9, 10] .
A graph is a mathematical object containing points (vertices) and connections (edges). For instance, the vertices could represent communication centers, with edges depicting communication links. Graph spectra is one of the most important concepts of graph theory. Gutman [11] introduced the notion of energy of a graph in chemistry, because of its relevance to the total π-electron energy of certain molecules and found upper and lower bounds for the energy of graphs [12] . Later, Gutman and Zhou [13] defined the Laplacian energy of a graph as the sum of the absolute values of the differences of average vertex degree of G to the Laplacian eigenvalues of G. Signless Laplacian energy of a graph was defined in [14] . However, in many real-life applications, there is a variety of non-deterministic information due to the increase of system complexity. Sometimes, the connection between two objects cannot be fully determined and to verify the properties of the graph traditional Definition 1. [2] Let Z be a space of points (objects), with a generic element in Z denoted by u. A SVNS X in Z is characterized by a truth-membership function T X , an indeterminacy-membership function I X and a falsity-membership function F X . For each point u ∈ X, T X (u), I X (u), F X (u) ∈ [0, 1]. Therefore, a SVNS X in Z can be written as X = { u, T X (u), I X (u), F X (u) | u ∈ Z}. We have used standard definitions and terminologies, in this paper. For more details and background, the readers are referred to [34] [35] [36] [37] [38] [39] [40] . O are the sets of eigenvalues of A(T Y (u j u k )), A(I Y (u j u k )) and A(F Y (u j u k )), respectively. Example 1. Consider a graph G = (V, E), where V = {u 1 , u 2 , u 3 , u 4 , u 5 , u 6 , u 7 } and E = {u 1 u 2 , u 2 u 3 , u 3 u 4 , u 4 u 1 , u 1 u 5 , u 1 u 6 , u 1 u 7 , u 3 u 5 , u 3 u 6 , u 3 u 7 , u 2 u 5 , u 5 u 6 , u 6 u 7 , u 4 u 7 }. Let G = (X, Y) be a SVNG on V, as shown in Figure 1 , defined by Definition 2.1. The adjacency matrix A(G) of a SVNG G = (X, Y ) is defined as a square matrix
, where T Y (u j u k ), I Y (u j u k ) and F Y (u j u k ) represent the strength of relationship, strength of undecided relationship and strength of non-relationship between u j and u k , respectively.
The adjacency matrix of a SVNG can be expressed as three matrices, first matrix contains the entries as truth-membership values, second contains the entries as indeterminacy-membership values and the third contains the entries as falsity-membership values, i.e., A(G) = A(T Y (u j u k )), A(I Y (u j u k )), A(F Y (u j u k )) . Example 2.1. Consider a graph G = (V, E), where V = {u 1 , u 2 , u 3 , u 4 , u 5 , u 6 , u 7 } and E = {u 1 u 2 , u 1 u 3 , u 1 u 4 , u 1 u 5 , u 1 u 6 , u 2 u 3 , u 3 u 4 , u 4 u 5 , u 5 u 6 }. Let G = (X, Y ) be a SVNG on V , as shown in Fig. 1 , defined by The adjacency matrix of a SVNG given in Figure 1 , is 
Definition 6. Two SVNGs with the same number of vertices and the same energy are called equienergetic.
Theorem 1.
Let G = (X, Y) be a SVNG and A(G) be its adjacency matrix. If
Proof. 1.
Since A(G) is a symmetric matrix whose trace is zero, so its eigenvalues are real with zero sum.
2.
By matrix trace properties, we have
We now give upper and lower bounds on energy of a SVNG G, in terms of the number of vertices and the sum of squares of truth-membership, indeterminacy-membership and falsity-membership values of edges. Theorem 2. Let G = (X, Y) be a SVNG on n vertices with adjacency matrix
where |T|, |I| and |F| are the determinant of A(
Proof. (i) Upper bound:
Apply Cauchy-Schwarz inequality to the n numbers 1, 1, . . . , 1 and |λ 1 |, |λ 2 |, . . . , |λ n |, then
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By comparing the coefficients of λ n−2 in the characteristic polynomial
Therefore,
(ii) Lower bound: 
Example 3. (Illustration to Theorem 2) For the SVNG G, given in Figure 1 E(T Y (u j u k )) = 
Laplacian Energy of Single-Valued Neutrosophic Graphs
In this section, we define and investigate the Laplacian energy of a graph under single-valued neutrosophic environment and investigate its properties.
, of G is a n × n diagonal matrix defined as:
, where A(G) is an adjacency matrix and D(G) is a degree matrix of a SVNG G. Figure 2 . The adjacency and the Laplacian matrices of the SVNG shown in Figure 2 are as follows: 
is a symmetric matrix with non-negative Laplacian eigenvalues, such that
Similarly, it is easy to show that,
2.
By definition of Laplacian matrix, we have
Axioms 2018, 7, 50
By trace properties of a matrix, we have
Analogously, we can show that
Definition 10. The Laplacian energy of a SVNG G = (X, Y) is defined as
and L(F Y (u j u k )), respectively, and
Proof. Apply Cauchy-Schwarz inequality to the n numbers 1, 1, . . . , 1 and
of 30
Analogously, it is easy to show that
Proof.
Similarly, it is easy to show that
Proof. Using Cauchy-Schwarz inequality, we get
Similarly, we can show that
Proof. Let G be a regular SVNG, then
Similarly, it is easy to show that 
Signless Laplacian Energy of Single-Valued Neutrosophic Graphs Definition 11. The signless Laplacian matrix of a SVNG
Example 6. Consider a SVNG G = (X, Y) of a graph G = (V, E), where V = {u 1 , u 2 , u 3 , u 4 , u 5 , u 6 , u 7 } and E = {u 1 u 2 , u 2 u 3 , u 3 u 4 , u 4 u 5 , u 5 u 7 , u 6 u 7 , u 6 u 1 , u 3 u 5 , u 1 u 7 , u 2 u 7 , u 3 u 7 }, as shown in Figure 3 . 
The signless Laplacian spectrum of a SVNG G, given in Figure 3 is 
Proof. Proof follows at once from proof of Theorem 3.
Definition 13. The signless Laplacian energy of a SVNG G = (X, Y) is defined as 
, respectively, and
where
Example 7. Consider a SVNG G = (X, Y) on V = {u 1 , u 2 , u 3 , u 4 , u 5 , u 6 , u 7 }, as shown in Figure 3 .
Therefore, LE + (G) = 3.4830, 2.5848, 4.8593 . Also we have
Theorem 12. Let G = (X, Y) be a SVNG on n vertices with signless Laplacian matrix L
+ (G) = L + (T Y (u j u k )), L + (I Y (u j u k )), L + (F Y (u j u k )) . Then LE + (T Y (u j u k )) = max 1≤l≤n      2S + l (T Y (u j u k )) − 4l ∑ 1≤j<k≤n T Y (u j u k ) n      , LE + (I Y (u j u k )) = max 1≤l≤n      2S + l (I Y (u j u k )) − 4l ∑ 1≤j<k≤n I Y (u j u k ) n      , LE + (F Y (u j u k )) = max 1≤l≤n      2S + l (F Y (u j u k )) − 4l ∑ 1≤j<k≤n F Y (u j u k ) n      , where S + l (T Y (u j u k )) = l ∑ j=1 ϑ + j , S + l (I Y (u j u k )) = l ∑ j=1 ϕ + j and S + l (F Y (u j u k )) = l ∑ j=1 ψ + j .
Relation among Energy, Laplacian Energy and Signless Laplacian Energy of SVNGs
This section discusses the relationship among energy, Laplacian energy and signless Laplacian energy of SVNGs.
Theorem 13. Let G be a SVNG on n vertices and let A(G), L(G) and L + (G) be the adjacency, the Laplacian and the signless Laplacian matrices of G, respectively. Then
Proof. Clearly,
From Equations (5.1) and (5.2), we get
By well known property of energy of a graph, 
Theorem 14.
If the SVNG G is regular. Then E(G) = LE(G) = LE + (G).
Theorem 15. Let G = (X, Y) be a SVNG on n vertices and let L(G) and L + (G) be the Laplacian and the signless Laplacian matrices of G, respectively. Then
Theorem 16. Let G = (X, Y) be a SVNG on n vertices and let L(G) and L + (G) be the Laplacian and the signless Laplacian matrices of G, respectively. Then
where r is the number of non-zero eigenvalues of SVNG G.
Theorem 18. Let G = (X, Y) be a SVNG on n vertices and let L
Theorem 19. Let G be a connected SVNG on n vertices and let
Application of Energy of SVNGs in Group Decision-Making
Group decision-making is a commonly used tool in human activities, which determines the optimal alternative from a given finite set of alternatives using the evaluation information given by a group of decision makers or experts. With the rapid development of society, group decision-making plays an increasingly important role when dealing with the decision-making problems. Recently, many scholars have investigated the approaches for group decision-making based on different kinds of decision information. However, in order to reflect the relationships among the alternatives, we need to make pairwise comparisons for all the alternatives in the process of decision-making. Preference relation is a powerful quantitative decision technique that support experts in expressing their preferences over the given alternatives. For a set of alternatives Z = {z 1 , z 2 , . . . , z n }, the experts compare each pair of alternatives and construct preference relations, respectively. If every element in the preference relations is a single-valued neutrosophic number, then the concept of the single-valued neutrosophic preference relation (SVNPR) can be put forth as follows: Definition 14. A SVNPR on the set Z = {z 1 , z 2 , . . . , z n } is represented by a matrix R = (r jk ) n×n , where r jk = z j z k , T(z j z k ), I(z j z k ), F(z j z k ) for all j, k = 1, 2, . . . , n. For convenience, let r jk = T jk , I jk , F jk where T jk indicates the degree to which the object z j is preferred to the object z k , F jk denotes the degree to which the object z j is not preferred to the object z k , and I jk is interpreted as an indeterminacy-membership degree, with the conditions:
A group decision-making problem concerning the 'Alliance partner selection of a software company' is solved to illustrate the applicability of the proposed concepts of energy of SVNGs in realistic scenario.
Alliance Partner Selection of a Software Company
Eastsoft is one of the top five software companies in China [41] . It offers a rich portfolio of businesses, including product engineering solutions, industry solutions, and related software products and platform and services. It is dedicated to becoming a globally leading IT solutions and services provider through continuous improvement of organization and process, competence development of leadership and employees, and alliance and open innovation. To improve the operation and competitiveness capability in the global market, Eastsoft plans to establish a strategic alliance with a transnational corporation. After numerous consultations, five transnational corporations would like to establish a strategic alliance with Eastsoft; they are HP a 1 , PHILIPS a 2 , EMC a 3 , SAP a 4 and LK a 5 . To select the desirable strategic alliance partner, three experts e i (i = 1, 2, 3) are invited to participate in the decision analysis, who come from the engineering management department, the human resources department, and the finance department of Eastsoft, respectively. Based on their experiences, the experts compare each pair of alternatives and give individual judgments using the following SVNPRs R i = (r
The SVNDGs D i corresponding to SVNPRs R i (i = 1, 2, 3) given in Tables 1-3 , are shown in Figure 4 . Table 1 . SVNPR of the expert from the engineering management department. Table 2 . SVNPR of the expert from the human resources department. Table 3 . SVNPR of the expert from the finance department. Then the weight of each expert can be determined as: Table 4 . Here we apply the single-valued neutrosophic weighted averaging (SVNWA) operator [42] to fuse the individual SVNPR. Draw a directed network corresponding to a collective SVNPR above, as shown in Figure 5 . Then, under the condition T jk ≥ 0.5 (j, k = 1, 2, 3, 4, 5), a partial diagram is drawn, as shown in Figure 6 . Then the weight of each expert can be determined as: 3490 , based on which, using the SVNWA operator the fused SVNPR is determined, as shown in Table 8 . In the directed network corresponding to a collective SVNPR above, we select those single-valued neutrosophic numbers whose membership degrees T jk ≥ 0.5 (j, k = 1, 2, 3, 4, 5), and resulting partial diagram is shown in Figure 7 . Thus, the best choice is LK a 5 . Now, elements of the signless Laplacian matrices of the SVNDGs Figure 4 , are given in Tables 9-11 . Then the weight of each expert is jk ) 5×5 (i = 1, 2, 3) into the collective SVNPR R = (r jk ) 5×5 , by using the SVNWA operator, as shown in Table 12 . In the directed network corresponding to a collective SVNPR above, we select those single-valued neutrosophic numbers whose membership degrees T jk ≥ 0.5 (j, k = 1, 2, 3, 4, 5), and resulting partial diagram is shown in Figure 8 . Thus, the best choice is LK a 5 .
Real Time Example
In this section, the proposed concepts of energy, Laplacian energy and signless Laplacian energy of a SVNG are explained through a real time example. We have taken the Website http://www.pantechsolutions.net modeled as a SVNG by considering the navigation of the customer. We have taken the four links: 1. microcontroller-boards, 2. log-in html, 3. and 4. project kits for our calculation. A SVNG of this site for four different time periods is considered. The energy, Laplacian energy and signless Laplacian energy of a SVNG is calculated for each of these periods. The energy, Laplacian energy and signless Laplacian energy are represented in terms of bar graphs. In the website http://www.pantechsolutions.net (accessed on 8 May 2012). the above 4 links are considered for the period 16 January 2018 to 15 February 2018 and for this graph, as shown in Figure 9 , we have The bar graphs, shown in Figures 13-15 , represent the energy, Laplacian energy and signless Laplacian energy of four links for the above four periods corresponding to the truth-membership, indeterminacy-membership and falsity-membership values. From the above bar graphs, the energy, Laplacian energy and signless Laplacian energy of truth-membership for the period March to April is high as compared to other periods, the energy, Laplacian energy and signless Laplacian energy of indeterminacy-membership for the period April to May is high and, the energy, Laplacian energy and signless Laplacian energy of falsity-membership for the period March to April is high.
Conclusions
A single-valued neutrosophic model is used in computer technology, networking, communication, when the concept of indeterminacy is present. In this paper, we have introduced certain novel concepts, including energy, Laplacian energy and signless Laplacian energy of SVNGs. We have derived the lower and upper bounds for the energy and Laplacian energy of a SVNG. We have obtained the relations among energy, Laplacian energy and signless Laplacian energy of a SVNG. Among the properties of energy, Laplacian energy and signless Laplacian energy of a SVNG, there is a great deal of analogy, but also some significant differences. Finally, application in group decision-making based on SVNPRs is presented to illustrate the applicability of the proposed concepts of SVNGs. These concepts are also illustrated with real time example. We are planing to extend our research work to (1) Energy of bipolar neutrosophic graphs; (2) Simplified interval-valued Pythagorean fuzzy graphs; (3) Hesitant Pythagorean fuzzy graphs; Energy of neutrosophic hypergraphs.
